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Noncommutative geometry: spectral triples

Motivation:

* Generalise geometry to quantum spaces,

= Encode geometry of space through operators on a
Hilbert space,

= Provide unified framework linking geometry with
physics, specifically quantum systems and gauge
theories.

Spectral triple:
(A, H, D)
= Hilbert space H,

= Unital x-algebra A represented as bounded
operators on H,

= Operator D on H, which is self-adjoint, has compact
resolvent and such that | D, a| gives a bounded
operator, see, e.g., [2, 3].

Second quantisation: Fock spaces

Example: two-point space

The fermionic Fock space is
F=HoPH &HD... forHj:H/\---/\%(jtimes).

We can use D to change the inner product on ‘H (and F):
(ulv); = g(u,v) +ig(lu,v) for I =i sign(D).

Entropy

The von Neumann entropy of state ¢(-) = Tr(p- ) is

5(¢) = =Tr(plog p) (1)
for p a density matrix on the Hilbert space.

KMS-states

We are interested in equilibrium states — KMS;-states:

¢ such that
¢(aoy(b))|i=is = ¢(ba)

for all operators a,b and time evolution
O't(X> -~ €ZtHX€_ZtH.
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We want the entropy on Fock space F = C ¢ C* ¢ C.

= Denote by
Ae Pl Ao A ) = (6_5|D‘u1> Ao A (e—ﬁ‘D’uk)

the lift of operator e=?/?l on # to F.
" FiXx H = —%10g(Ae_5’D‘), .e.,

= KMS;-states are unique:

Us() = Ter(ps ) for :

— AePIDI
5 Trp(Ae AT

Entropy for two-point space

The entropy of the KMS;-state is (see also [1])

S(1s) = 2h(B/r) = 21 f/e;/f'“ | 210g(1 + e_ﬁ/r) (2)
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Entropic force and emergence

Maximising r gives maximal entropy, the entropic force
enforces this:

Furlr) = 50:(p0) = — (Qﬂrjzr).
Fent
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Interpret the corresponding tendency to have r increase
as the ‘emergence of two points from a single one’.
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